T is an arbitrary positive number, Ω is a bounded domain of R 2 with smooth boundary. It is well known, (I) has a uniquely determined weak solution if the external force f is from L 2 ((0, T) x Ω) and φeH\Ω) (these conditions can be weakened). But if one wants to show that the weak solution is a strong one, additional conditions are needed, concerning mainly the differentiability of / with respect to t or the regularity of u. Lions [5] , Ch. 1 requires differentiability of f, as does Ladyzenskaja [3] , Gh. 6. In one of their papers, Shinbrot and Kaniel [6] , p. 313, require additional regularity of u; Serrin [8] requires even more and then only obtains interior regularity of u. The method of Shinbrot and Kaniel [7] yields a strong solution under exactly the conditions we want, namely, feL\(0, T),L\Ω)) and φe H\Ω), but this solution is only local in time and may not exist, in general, in the full interval 0 ^ t <* T, unless f and φ are small enough. Fujita and Kato [2] also obtain a strong solution, under even weaker conditions on f and ψ, but, again, their solution is only local. In this paper we show that none of these additional conditions is necessary and that for every f eL 
F-u = 0, and
The latter is not proved here since the proof follows the lines of the proof in the case p -2.
In the second chapter we prove an analogous result for parabolic systems where a is a multiindex with components a ά 6 N U {0}. N is the set of positive integers.
Ω or dΩ is said to be of class C u or C u+a if dΩ locally admits a representation
with ^eC" or C v+a respectively and if Ω locally is one one side of dΩ. If no misunderstanding is possible we often write X instead of X\ X a vector space. If X has a scalar product (.,.) the scalar product of X\ namely ΣLi(.,.) is denoted by (.,.) 1* Instationary Navier^Stokes equations* First we define the meaning of strong and weak solutions to the instationary NavierStokes system. For that purpose we assume that Ω is a bounded open set of R n , n -2, having a boundary of class C 3 . Let v, T be arbitrary >0. , y) ^ 2Γ j Multiplying these last two inequalities and integrating over x and y, we find, by the Schwarz inequality,
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for all ueH\Ω). Then, by (I.I), it follows that
Thus all expressions occuring in the definition of the weak solution to the problem (NS) are well-defined.
As it is shown in [5] , Chap. I, the problem (NS) always has a weak solution. Moreover, u is determined uniquely.
Our nonlinearity g(x, u, Fu) -wFu has the following properties: [ g(x, u, Fu) 
If n = 2, ue H\Ω) we have
where U,VGH\Ω). (NS 3) follows from Holder's inequality. As for (NS 2) we have by (I. 1)
Our main result consists in
p) be a weak solution to the problem (NS). Then it is a strong solution.
Proof. Let us consiner the problems
We introduce two sets Σ, Σ* c [0, 1] . Σ is the set of all a for which (NS σ ) has a strong solution, J* is the set of all σ with On using the lemma proved after Remark 
the introduction of Σ*).
Probably Ω can be unbounded. REMARK I. 2. Using the same method as in the preceding theorem one can construct strong solutions to the Navier-Stokes equations with the property
The reason is simply that
and that we liave estimates in L p -spaces corresponding to that of our lemma (see [13] , Ch. IV). An analogous result for semilinear parabolic systems will be proved by a very similar method in the next chapter. We want to state our a priori estimate for strong solutions of Navier-Stokes equations in the following theorem:
and let (u, p)
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fulfill the equations
Then the following a priori estimate holds:
(vί, T)(\\φ\\l P + \ T \\f(t)\\%, Ω) dt) .
For p -2 it is sufficient to assume that φeH\Ω) and \\Φ 2 , P \\ in the estimate above may be replaced by We now prove the lemma mentioned in the proof of Theorem 1.1.
Then there exists a pair (u,p) with a positive constant ikf. We set for p > 1
For our purposes it means no loss of generality if we assume that Garding's inequality (A 2 (t)u, u) ^ c(Ω, m, n, M, \\\A~a?\\\ , \\\\A-a In particular ύ,f (t,Vu," ,F m u) is supposed to be integrable for
(F3) ( (f(t, x, u, Vu, , F «) -f(t, x, u,Vv, •-, F m 
As an example we can take the nonlinearity with components
if we assume that n ^ 2m. If one uses the Sobolev-inequality
with a = w/4m ^ 1/2 the validity of (F3) for the nonlinearity (II.l) can be shown in the same way as we did with (NS 2 since 1 + n/4m ^ 1 + 2m/(n + 2m) if n <^ 4m. Now we want to prove the main result of this section, namely.
Then there exists a unique u with the following properties:
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